Abstract. We study the effects of diffusing opinions on the Deffuant et al. model for continuous opinion dynamics. Individuals are given the opportunity to change their opinion, with a given probability, to a randomly selected opinion inside an interval centered around the present opinion. We show that diffusion induces an order-disorder transition. In the disordered state the opinion distribution tends to be uniform, while for the ordered state a set of well defined opinion clusters are formed, although with some opinion spread inside them. If the diffusion jumps are not large, clusters coalesce, so that weak diffusion favors opinion consensus. A master equation for the process described above is presented. We find that the master equation and the Monte-Carlo simulations do not always agree due to finite-size induced fluctuations. Using a linear stability analysis we can derive approximate conditions for the transition between opinion clusters and the disordered state. The linear stability analysis is compared with Monte Carlo simulations. Novel interesting phenomena are analyzed.
Introduction
In a community, opinions evolve due to affinities and conflicts between mutually interacting individuals. These interactions lead to collective states, where either a major- for the initial opinions, the typical realization is that for ≥ 0.5 the system evolves to a state of consensus where all individuals share the same opinion and that, decreasing , the population splits into opinion clusters separated by distances larger than [5, 14] .
The new ingredient we add to the dynamics is that individuals can perform random jumps in their opinions.
More specifically the dynamical rules are modified as follows: at time step n the dynamical rule Eq. the width and frequency of random jumps. When γ is large enough, we expect that the behavior of this model will approach the one of our previous free-will model [13] Nevertheless, for mathematical simplicity periodic boundary conditions will be considered in some particular cases as properly mentioned.
Monte Carlo simulations
We present in this subsection the main results obtained 
are independent random jumps of zero mean and variance σ 2 = γ 2 /3. Reordering, and taking squares and mean value one obtains
where we have used that the expected value of N 1 is mN . here we plot in all panels only 100 of them, and at intervals of 100 MCS, to avoid saturation of the plots.
distances larger than γ) so that jumping particles can not reach the boundaries. For larger γ or particles will feel the boundaries more easily and we expect cluster mobility to be much reduced by boundary effects.
From Monte Carlo simulations, it is also seen that cluster formation always occurs for small values of , γ, and m.
But, in contrast with the diffusionless model, coarsening is observed for small γ. Figure 2 shows successive merging of clusters, occurring after the collisions which arise because of the diffusive wandering of clusters (by collision we mean that clusters become closer than , so that they interact).
We expect that in this regime, at very long times, a state containing a single cluster would be the final regime. 
Master equation approach
In this subsection we analyze the master equation description of the process introduced above. Following standard arguments (see for example [13] ) one finds the master equation for the probability density function P (x, t) of an individual opinion x at time t
The term proportional to (1 − m) is the one coming from the original rules of the Deffuant et al. model [5, 14] , whereas the one proportional to m describes the random jumps. The function G(x, t) is, for the case of adsorbing boundary conditions:
P (x , t)
For small values of γ the boundary effects become less important, and the second case in (5) applies in the majority of cases. In addition, for γ small enough, this term can be approximated as
so that the diffusion term, i.e. the term proportional to m in the right-hand side of Eq. (4) becomes of the form
, where one finds again the diffusion coefficient
We have solved numerically the master equation (4) for the distribution P (x, t) starting from an initial condition representing an uniform distribution in opinion space, i.e.
P (x, t = 0) = 1 for x ∈ [0, 1] and P (x, t = 0) = 0 otherwise. For m = 0 it is well known that the distribution
is a sum of delta-functions located at particular points [5, 14] . However, this is not the case for the full Eq. , and m. We have found that for small values of γ only one opinion cluster, centered around x = 0.5, remains for almost any value of the parameter (see Fig. 4a ). We interpret this as a consequence of the dynamics discussed in section 2.1, where we showed that although several clusters were initially formed, collisions reduced their number and a single one was expected to survive at long times.
We stress that the single cluster in Fig. 4a An important feature is that, for all values of γ considered, the clusters become less defined below a critical value of (for large γ one can always observe however the two large clusters at x = 0, 1 arising from the adsorbing boundary conditions). This point will be further addressed in section 3. 
where the over-bar denotes a temporal average in steady In Fig. 6(a) 
To analyze the stability of the homogeneous solution P (x) = 1 we write P (x, t) = 1 + A q e iqx+λqt , where q is the wave number of the perturbation, λ q its growth rate and A q the amplitude. Introducing this ansatz in Eq. (8) we find the dispersion relation
We note that, for small γ the second term, propor- ical expressions can be obtained expanding λ q in powers of q:
In the case in which the q 4 term remains negative (which occurs if the mγone containing ), the change of sign of the q 2 term iden-
as the value of below which an unstructured configuration remains stable. Alternatively, for fixed we find m c = 2 3 2 3 +γ 2 , the critical value above which clusters will disappear. Within this approximation the expression for the fastest growing mode near the orderdisorder transition is:
We stress that all these expressions following Eq. (10) are For γ large enough, the number of opinions adsorbed by the extremes increases and G M becomes more sensitive to m and saturates far away from its maximum value 1.
We have presented a linear stability analysis that assumes periodic boundary conditions at the ends of the Our work shows the impact of diffusion of opinions and finite-size effects on the dynamics of continuous opinion formation [16] . We want to emphasize that the incorporation of random perturbations in opinion dynamics induces novel and interesting phenomena and deserves to be explored in more detail in future works.
